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In this paper, we analyze the so-called Master Equation of the linear backreaction of a plasma
disk in the central object magnetic field, when small scale ripples are considered. This study allows
to single out two relevant physical properties of the linear disk backreaction: (i) the appearance of
a vertical growth of the magnetic flux perturbations; (ii) the emergence of sequence of O-point of
the magnetic filed, crucial for the triggering of local plasma instabilities. We first analyze a general
Fourier approach to the solution of the addressed linear partial differential problem. This technique
allows to show how the vertical gradient of the backreaction is, in general, inverted with respect to
the background one. Instead, the fundamental harmonic solution constitutes a specific exception
for which the two behaviors are both decaying. Then, we study the linear partial differential system
from the point of view of a general variable separation method. The obtained profile describes the
crystalline behavior of the disk. Using a simple rescaling, the governing equation is reduced to
the second order differential Whittaker equation.The zeros of the radial magnetic field are
found by using the solution written by means of the Whittaker functions expressed by
means of the Kummer functions. We show many cases where it is possible to derive
analytically the distribution of the zeros and also numerically. This study demonstrates
that the magnetic flux perturbations can have a vertical growth, and that, for a given region of the
parameter space, the perturbed magnetic field (and hence the whole magnetic configuration), singles
out an, in principle, infinite sequence of O-points, where the radial component of the magnetic field
vanishes. The possible implications of such a morphology of the disk magnetic profile are then
discussed, in view of the jet formation.

PACS numbers: 95.30.Qd; 97.10.Gz; 02.30.Jr

I. INTRODUCTION

The Standard Model of accretion in astrophysics [1, 2] is based on the idea that the angular momentum transport
across the plasma disk is ensured by effective viscosity, due to the turbulence phenomena triggered by the magneto-
rotational instability [3], see also Refs. [4–6].

However, the necessity to account in the problem for a magnetic field, due to the central object, together with
the long-wavelength response of the plasma disk, imply that the azimuthal component of the generalized Ohm law is
consistent only postulating an anomalous plasma resistivity, see Refs. [7, 8]. This effective resistivity makes the disk
magnetic field limited in amplitude, because of its diffusive nature [7]. As a result, the possibility to deal with the
high magnetic field strength required for the jet generation leads to investigate specific scenarios [9].

In Refs. [10, 11] (see also Ref. [12]), it has been investigated the possibility for a small scale backreaction of the
plasma disk to the magnetic field of the central object, outlining the emergence of a crystalline morphology of the
magnetic field microscales, i.e., a local radial oscillation of the magnetic flux function. In particular, in the limit of a
linear backreaction, in Ref. [10] it has been written down a Master Equation for the magnetic flux function, which is
the starting point of the present investigation. The relevance of this new paradigm relies on the possibility to use the
O-points of the resulting configuration as the sites where the jet formation could start, as discussed in Refs. [13, 14].

Here, we develop a detailed general analysis of the linear Master Equation for the crystalline profile of the plasma
disk, outlining two main significant features: i) performing a general Fourier analysis, we clarify how the decreasing
behavior of the plasma backreaction with the vertical quote (discussed in Refs. [10, 11], see also Ref. [15]) is actually
a peculiar property of the fundamental harmonics in the radial oscillation; ii) by analyzing the Master Equation in
the framework of a separable solution, we clarify the existence of regions of the parameter space, where an infinite
sequence of O-points of the magnetic configuration can take place.

Both the results mentioned above have a precise physical implication. In fact, the first shows how the higher order
harmonics of the radial oscillation of the flux function are actually associated to an inverse behavior of the vertical
gradient between the background and the linear perturbation. This issue calls attention for its possible implications
on the morphology of the non-linear backreaction which is associated with the fragmentation of the disk in a ring-like
morphology, see Ref. [11] and also Refs. [16–18]. The second achievement demonstrates that the topology of the
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induced radial component of the magnetic field can be characterized by an infinite sequence of O-point, where such
a radial component vanishes (noting that the dipole-like magnetic field of the central object is essentially vertical on
the equatorial plane). This feature, absent in the analysis in Refs. [10, 11], suggests that the magnetic microstructure,
emerging when the perturbation scale is sufficiently small (i.e., for sufficiently high values of the plasma β parameter),
could be an interesting mechanism in triggering sites for the jet formation. It is worth noting that we also outline the
existence of a parameter region for the model in which both the radial and the vertical dependence of the backreaction
magnetic surfaces oscillate.

II. PHYSICAL MODEL

We consider a steady and axialsymmetric thin disk configuration, characterized by a magnetic field B having the
following poloidal form

B = −r−1∂zψêr + r−1∂rψêz , (1)

where we adopted standard cylindrical coordinates (r , φ , z) (êr, êφ and êz being their versors) and ψ(r, z) is the
magnetic flux function. The disk also possesses a purely azimuthal velocity field v, i.e.,

v = ω(ψ)rêφ , (2)

where the angular velocity ω is a function of ψ because we are in the range of validity of the so-called co-rotation
theorem [19], i.e., Eqs.(1) and (2) holds together with the stationary and axial symmetry hypotheses.

Since, we are assuming the plasma disk as quasi-ideal (actually it is true in many range of observed mass density
and temperature), we neglect the poloidal velocities, especially the radial component, which are due to effective
dissipation, according to the Shakura idea of accretion developed in Ref. [1]. Furthermore, we observe that the
co-rotation condition (2) prevents the emergence of an azimuthal magnetic field component via the dynamo effect.

We now split the magnetic flux function around a fiducial radius r = r0, as follows

ψ = ψ0(r0) + ψ1(r0, r − r0, z) , (3)

where ψ0 is the vacuum contribution of the central object around which the disk develops (essentially a vertical
magnetic field comes out from the dipole-like nature of the field and from the thinness of the disk), while ψ1 is a
small (still steady) correction, here considered of very small scale with respect to the background quantities. By other
words, we are studying a small backreaction of the plasma which is embedded in the central object magnetic field,
whose spatial (radial and vertical) scales are sufficiently small to produce non-negligible local currents in the disk.

According to Eqs.(3) and (1), also the magnetic field is expressed as B = B0 + B1. According to the validity of
the co-rotation theorem, at any order of perturbation of the steady configuration, we expand the angular velocity as
follows

ω(ψ) ' ω0(ψ0) + (dω/dψ)ψ=ψ0
ψ1 . (4)

In Ref. [10] (see also Refs. [11, 12]), it was shown that, in the linear regime, i.e., |B1| � |B0|, the equilibrium
configuration near r0 reduces to the radial equilibrium only, which, at the zeroth and first order in ψ, gives the
following two equations

ω0(ψ0) = ωK , (5)

∂2rψ1 + ∂2zψ1 = −k20(1− z2/H2)ψ1 , (6)

respectively. Here ωK denotes the Keplerian disk angular velocity, H is the half-depth of the disk and k0 is the typical
wavenumber of the small scale backreaction, taking the explicit form

k20 ≡ 3ω2
K/v

2
A , (7)

where vA is the background Alfvén speed and, for a thin isothermal disk, it results k0H =
√

3β ≡ 1/ε (β being the
usual parameter of the disk plasma, corresponding to the ratio between the thermodynamics and magnetic pressure).
As postulated above, in order to deal with small scale perturbations, we have to require that the value of β is
sufficiently large, which is a condition rather natural in astrophysical systems.

In order to study the solutions of Eq.(6), it is convenient to introduce dimensionless quantities, as follows

Y ≡ k0ψ1

∂r0ψ0
, x ≡ k0 (r − r0) , u = z/δ , (8)
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where δ2 = H/k0. Hence, we get

∂2xY + ε∂2uY = −
(
1− εu2

)
Y , (9)

which, in what follows we dub the Master Equation for the crystalline structure of the plasma disk.
Moreover, it is also easy to check the validity of the relations

Bz = B0z (1 + ∂xY ) , (10)

Br ≡ B1r = −B0z

√
ε∂uY , (11)

where the existence of linear perturbation regime requires |Y | � 1.
It is relevant to investigate the solutions of Eq.(6) in view of determining the physical conditions under which the

crystalline structure, discussed in Refs. [10, 20], can actually take place.

III. GENERAL SOLUTION OF THE MASTER EQUATION

We apply the separation of variables to the equation

∂2xY + ε∂2uY = −
(
1− εu2

)
Y , (12)

by setting Y (x, u) = Y1(x)Y2(u):

(∂2xY1)/Y1 = −γ , (13)

ε(∂2uY2)/Y2 + (1− εu2) = γ , (14)

where we have introduced the arbitrary constant γ. The first equation has two possible kinds of solutions, namely

Y1(x) = C1 sin(
√
|γ|x) +D1 cos(

√
|γ|x) , γ > 0 , (15)

Y1(x) = C1 sinh(
√
|γ|x) +D1 cosh(

√
|γ|x) , γ < 0 . (16)

Eq.(14) can be rewritten as the Kummer equation of parabolic cylinder functions using the scaling u→ u/
√

2. In
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FIG. 1: (Color online) Numerical solution of 17 for Y2(0) = 0.01 and Y ′
2 (0) = 0, by varying the parameter A in

[1, 0, −0.4, −6.5, −25] as indicated in the plot.

particular, we get

∂2uY2 −
(1

4
u2 +A

)
Y2 = 0 (17)
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where A = (γ − 1)/(2ε). Applying the principle of linear combination the general solution of the Master Equation is
then

Y (x, u) =

∫
dγχ(γ)Y1(x, γ)Y2(u, γ) = (18)

=

∫ +∞

0

dγχ(γ)(C1 sin(
√
|γ|x) +D1 cos(

√
|γ|x)Y2(u, γ))+

∫ 0

−∞
dγχ(γ)(C1 sinh(

√
|γ|x) +D1 cosh(

√
|γ|x)Y2(u, γ))

Where χ(γ) is any integrable function.
Let us now analyze the properties of the solution by numerically integrating the equation (17) with initial conditions

Y2(0) = 0.01 and Y ′2(0) = 0. We also fix the parameter ε = 0.01 and run the γ parameter in order investigate the
morphology of the solution for different values of the constant A.

From the numerical analysis, a range of the parameter A emerges for which the behavior of the function Y2 becomes
to oscillate, as well sketched in Fig.1. Since these values of A still corresponds to positive values of the constant γ (for
our setup, γ . 0.9), we obtain a range of the solution of the Master Equation Eq.(9) where the radial and vertical
dependence of the perturbed magnetic flux function both have an oscillating profile as represented in Fig.2.

Clearly, when γ takes negative values, the x-dependence of the function Y is no longer oscillating (while the u-
dependence still remains oscillating) and the crystalline morphology of the disk is suppressed. As we shall discuss
below, the oscillating nature of the vertical dependence of the perturbed magnetic flux function has the relevant
physical implication that, according to the expression for the magnetic field in Eqs.(10) and (11), a series of O-point
appears in the disk configuration, in which the radial component Br vanishes.

FIG. 2: Plot of the solution Y (x, u) = Y1(x)Y2(u) provided by the system of Eqs.(15) (with C1 = 1 and D1 = 0) and (17) for
Y2(0) = 0.01, Y ′

2 (0) = 0, a = −11 (i.e., γ = 0.78).

IV. WHITTAKER EQUATION AND O-POINTS

The equation

∂2uY2 −
(1

4
u2 +A

)
Y2 = 0 , (19)
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with A = γ−1
ε has many different analytic solutions for different values of A. These solutions give the information

about the O points. We make the change of variables y = u2/2 and Y2 = (2y)−1/4W (y). Eq.(19) rewrites now as

d2W

dy2
+
(
− 1

4
− A

2y
+

3

16y2

)
W = 0 , (20)

which is a particular case of Whittaker’s equation, i.e.,

d2W

dy2
+
(
− 1

4
+
k

y
+

1/4− µ2

y2

)
W = 0 , (21)

with k = −A/2 and µ = ±1/4. The solutions are the Whittaker functions

Mk,µ = e−y/2yµ+1/2M(1/2 + µ− k, 1 + 2µ, y) , (22)

Wk,µ = e−y/2yµ+1/2U(1/2 + µ− k, 1 + 2µ, y) , (23)

where M and U are the Kummer functions.We use only the function M because the function U is multivalued. We
study this function only for finite y since the model is not defined for large values of the argument. In any case for
γ ≤ 1 the function Mk,µ is bounded since M(1/2 + µ− k, 1 + 2µ, y) goes as

Γ(1 + 2µ)
eyy−1/2−µ−k

Γ(1/2 + µ− k)
+

(−y)−1/2−µ+k

Γ(1/2 + µ+ k)

The Kummer function M(a, b, y) is

M(a, b, y) = 1 +
a

b
y + · · ·+ (a)n

(b)n

yn

n!

where

(a)n = a(a+ 1)(a+ 2) . . . (a+ n− 1).

The sum is converging everywhere. The derivative is given by the recurrent equation

dM(a, b, y)

dy
=
a

b
M(a+ 1, b+ 1)

.
It is possible to find the locations of the O points using the properties of the Whittaker function. We have two

solutions µ = ±1/4. For µ = 1/4 the solution is

Y2(u,A) = u e−u
2/4M(A/2 + 3/4, 3/2, u2/2) (24)

and so the radial magnetic field is

d

du
Y2(u,A) = e−u

2/4[(1− u2/2)M(A/2 + 3/4, 3/2, u2/2) + ue−u
2/4 1

3
(A+ 3/2)uM(A/2 + 7/4, 5/2, u2/2)]. (25)

for the case µ = −1/4 we have

Y2(u,A) = e−u
2/4M(A/2 + 1/4, 1/2, u2/2) (26)

d

du
Y2(u,A) = e−u

2/4(−u/2)M(A/2 + 1/4, 1/2, u2/2) + ue−u
2/4(A+ 1/2)M(A/2 + 5/4, 3/2, u2/2). (27)

Clearly the case µ = −1/4 .
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FIG. 3: Plot of the radial component of the magnetic field for µ = 1/4
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FIG. 4: Plot of flow function for µ = −1/4. The behavior of the analytic solution coincides with the behavior of the numerical
solution.

A. Numerical analysis

The O-points of the radial component of the magnetic field on the vertical axis clearly emerge, placed in symmetric
positions with respect the equatorial plane. For the specific case A = −25, the positive zeros of Br can be found at
u =[0, 0.6, 1.3, 1.9, 2.55, 3.2, 3.9, ...].

In this respect, we note that algorithms are present for systematically finding the roots of Kummer functions [21].

B. Asymptotic solutions

From the theory of Whittaker equation it is known that there are two solutions of the equation (19)

φ1(u) =e−u
2/2M(A/2 + 1/4, 1/2, u2/2) (28)

φ2(u) =ue−u
2/2M(A/2 + 3/4, 3/2, u2/2)) (29)

Define:

U(A, u) = cosπ(1/4 +A/2)Φ1(u)− sinπ(1/4 +A/2)Φ2(u) (30)

V (A, x) =
1

Γ(1/2−A)
(sinπ(1/4 +A/2)Φ1(u) + cosπ(1/4 + a/2)Φ2(u) (31)
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FIG. 5: Plot of the radial component of the magnetic field for µ = −1/4.

where

Φ1(u) =
Γ(1/4−A)√
π2A/2+1/2

φ1(u) (32)

Φ2(u) =
Γ(3/4−A/2)√
π2A/2−1/2

φ2(u) (33)

the asymptotic result is that for A < 0, and for finite u, and −A >> x2 we have, setting p =
√
−A

U(A, u) + iΓ(1/2−A)V (A, u) =
eiπ(1/2+1/2A)

2(1/2+1/2A)
√
π

Γ(1/4−A/2)evr+ivieipu (34)

Where vr(u) , vi(u) are given polynomials. Thus the function U(u,A) , the solution Y2(u) and its derivative with
respect to u oscillate giving rise to a sequence of O points in the vertical axis.

For A positive and large there is the asymptotics for A >> x2

U(A, u) =

√
π

2(1/2+1/2A)Γ(3/4 +A/2)
e−
√
Au+v1 (35)

where v1 is another polynomial, but it is not interesting for us.

C. Particular values

1. Laguerre polynomials

For large values of the parameter A it is evident that there is a countable set of O points, but it is possible to find
other values for the zeros not for large values of A but for discrete values. Let us consider the solution for µ = 1/4

Y2(u,A) = u e−u
2/4M(A/2 + 3/4, 3/2, u2/2) (36)

the Kummer function M(A/2 + 3/4, 3/2, u2/2)

M(A/2 + 3/4, 3/2, u2/2) =
n!

(3/2)n
L1/2
n (u2/2) (37)

in the case

A/2 + 3/4 =− n (38)

3/2 =1 + α (39)
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i.e. for

γ = 1− 4ε(n+ 3/4)

where

(3/2)n =
3

2
(
3

2
+ 1) . . . (

3

2
+ n− 1) (40)

Lαn =
x−αex

n!

dn

dxn
(e−xxn+α) (41)

Lαn is the generalized Laguerre polynomial. It is known that ,for each n, the zeros of Laguerre polynomial Lβn belong
to the interval (0, n+ α+ (n− 1)

√
n+ α).

Using the derivation rule of generalized Laguerre polynomials

d

dx
L1/2
n (x) = (−)L

3/2
n−1(x) (42)

we get

d

du
Y2,n(u) =

n!

(3/2)n
e−u

2/4[(1− u2

2
)L1/2

n (u2/2)− u2L3/2
n−1(u2/2)] (43)

Thus we obtain a countable number of zero on the z axis, for each n there is a finite set of zeros which increases
with n. We plot the function d

duY2,n(u) for n = 3, 4, 5 in the figure (6)

3

4

5
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2

4

FIG. 6: Graphs of the radial component of the magnetic field, d
du
Y2,n(u), computed using Laguerre polynomials, the number of

oscillations increase with increasing n, so there is a countable set of O points

2. Hermite polynomials

There is another connection with orthogonal polynomials. Consider the solution corresponding to the case m =
−1/4. For

A/2 + 1/4 = −n (44)

we have the identity

M(−n, 1/2, u2/2) =
n!

(2n)!
(−1)−nH2n(u/

√
2) (45)



9

where H2n(u) is the Hermite polynomial

H2n(x) = (−1)2nex
2 d2n

dx2n
e−x

2

(46)

thus the derivative of the flow function is

d

du
Y2,n(u) =

n!

(2n)!
(−1)−ne−u

2/4[(−u/2)H2n(u/
√

2) + u
d

dx
H2n(u/

√
2)] = (47)

n!

(2n)!
(−1)−ne−u

2/4[(−u/2)H2n(u/
√

2)− u(4n)H2n−1(u/
√

2)]

where we used the derivative rule for Hermite polynomials

d

du
H2n(u/

√
2) = 4nuH2n−1(u/

√
2) (48)

3
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FIG. 7: Graphs of the radial component of the magnetic field, d
du
Y2,n(u), computed with Hermite polynomials, for n = 3, 4, 5

The number of oscillations increases with n, so there is a countable set of O points

The graphs generated by the Hermite polynomials and those obtained using the Laguerre are similar but not equal

because of the correspondence L
−1/2
n (x2) = H2n(x), L

1/2
n = H2n+1(x).

V. DISCUSSION

We have shown z-dependence of the magnetic field, defining the so-called O-points of the corresponding config-
uration. In fact, in such points, the radial component of the magnetic field, due to the plasma backreaction only,
vanishes. Here, we outline a new feature induced by the crystalline morphology of the plasma response to the dipole
field of the central object.

Let us now discuss the relevance of the O-points derived above, in view the physical properties of the plasma disk
thought as an accreting structure. Our analysis has been performed for an ideal plasma disk in the absence of poloidal
components of the velocity field, i.e., vr = vz ≡ 0. However, in the Standard Model of accretion [1], the plasma must
have a finite electric conductivity and the azimuthal component of the generalized Ohm law reads

vzBr − vrBz = Jφ/σ , (49)

where Jφ is the corresponding azimuthal component of the current density and σ is the constant coefficient of electric
conductivity. In the standard mechanism for accretion onto a compact object, both the quantities Br and vz are



10

essentially negligible and, where σ takes very large values, the accretion is suppressed, i.e., since Bz 6= 0, we must get
vr ' 0.

In the spirit of the present analysis, in those regions where the plasma is quasi-ideal, we find the relation

vz = vrBz/Br . (50)

Clearly, nearby the numerous O-points of the magnetic profile, where Br is nearly vanishing, we get very high values
of the vertical velocity, which suggests the existence of privileged plasma sites for the jet formation. This perspective
has been investigated in some detail in Refs. [13, 14].

The main merit of the present analysis consists of having outlined the general character that the O-points take
in the linear profile of the perturbed magnetic field, as soon as the short wavelength backreaction of the plasma is
excited in plasma disk with high β values.

VI. CONCLUSIONS

We analyzed general features of the small scale morphology of the backreaction that is generated in a thin plasma,
embedded in the magnetic field of the gravitationally confining central object. In particular, we studied the Master
Equation of the so-called crystalline structure [10], searching for a satisfactory characterization of the admissible
profile in the linear backreaction limit.

We followed two different, but complementary, approaches. The first one is based on a general Fourier expansion,
while the second one relies on a separated variable procedure. This analysis offered a complete spectrum of the
available solutions, outlining new behaviors in the plasma equilibrium, absent in the basic treatment in Refs. [10, 11].

The main merit of this systematic study of the linear backreaction of the plasma disk consists of the relevant
physical implications of the obtained solutions, as discussed above, i.e., the inverse behavior of the vertical gradient
with respect to the background one (as the highest harmonics are considered) and the possible emergence of an infinite
sequence of O-points, where the radial magnetic field component vanishes.

The first of these issues is of interest in view of the non-linear scenario of the plasma backreaction discussed in
Refs. [11, 12], where, see also Ref. [20], the possibility of the radial fragmentation of the disk into a microscopic array
of rings is demonstrated. In this respect, the linear inversion of the vertical gradients suggests that, in the non-linear
regime, a separation of the disk into to specular components, up and down the equatorial plane, could take place,
whit significant implications on the transport features across the disk.

The second result, concerning the appearance of O-point series of the magnetic configuration, is relevant in view of
the realization of conditions for jet emission. In fact, nearby the O-points, when the plasma resistivity is suppressed,
the vertical component of the plasma velocity can take very large values, see the discussion in Refs. [13, 14] about the
seeds of a vertical matter flux from the disk. In fact, by using the solution given in terms of hypergeometric confluent
functions, we characterized the intrinsic nature of the O-point series.

The systematic analysis here pursued of the Master Equation for the crystalline structure of an accretion stellar
disk, constitutes a well-grounded starting point for the investigation of non-linear features of the magnetic confinement
of the plasma disk. In fact, as discussed in Ref. [11], the extreme non-linear regime is characterized by a dominant
influence of the MHD-force in confining the plasma with respect to the radial gravitational field. As discussed in
Ref. [22] the request that the Master Equation holds in the non-linear case too is valuable to close the equilibrium
system, preserving the crystalline morphology.
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